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Abstract—In this paper, we investigate a network where N
links contend for the channel using the well-known carrier sense
multiple access scheme. By leveraging the notion of stochastic hybrid systems, we find: 1) a closed-form expression of the average
age when links generate packets at will 2) an upperbound of the
average age when packets arrive stochastically to each link. This
upperbound is shown to be generally tight, and to be equal to the
average age in certain scenarios. Armed with these expressions,
we formulate the problem of minimizing the average age by
calibrating the back-off time of each link. Interestingly, we show
that the minimum average age is achieved for the same backoff time in both the sampling and stochastic arrivals scenarios.
Then, by analyzing its structure, we convert the formulated
optimization problem to an equivalent convex problem that we
find its optimal solution. Insights on the interaction between links
and numerical implementations of the optimized CSMA scheme
in an IEEE 802.11 environment are presented. Next, to further
improve the performance of the optimized CSMA scheme, we
propose a modification to it by giving each link the freedom to
transition to SLEEP mode. The proposed approach provides a
way to reduce the burden on the channel when possible. This
leads, as will be shown in the paper, to an improvement in the
performance of the network. Simulations results are then laid
out to highlight the performance gain offered by our approach
in comparison to the optimized standard CSMA scheme.

I. I NTRODUCTION
ince its introduction in [2], the Age of Information (AoI)
has captured widespread attention and is now considered
of ample importance in communication networks. With new
technologies emerging and the abundance of cheap hardware,
constant connectivity and monitoring has been the norm in
modern technology applications. In these applications, updates
about a specific metric of interest are sent from an information
source to a monitor (e.g., temperature of a room). More
specifically, this source produces time-stamped status updates
that are sent through the network towards the intended receiver.
The ultimate goal is for the monitor to have the freshest
knowledge possible about the metric of interest. However, the
investigation of the AoI, even in the simplest scenarios, was
shown to be challenging and far from straightforward.
Since the seminal work in [2], the AoI has been gaining
the attention of researchers and a large number of papers have
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been published on this subject. The work in [2] investigated the
average age in First-Come-First-Served (FCFS) disciplines:
M/M/1, M/D/1, and D/M/1. In [3], packet management was
shown to further minimize the average age of the stream of
interest. A related metric, the average peak age, was also
introduced. Additionally, the average age was investigated in
sampling problems. For instance, it was shown in [4] that in
a “generate-at-will” model, a zero-wait policy is not always
optimal in minimizing the average age. The AoI was also
investigated in multi-source scenarios where the Maximum
Age First-Last Generated First Served (MAF-LGFS) policy
was shown to be optimal [5]. Recently, multi-hop scenarios
were explored in [6], [7] wherein the latter, it was shown
that the Last-Come-First-Served (LCFS) discipline at relaying
nodes minimizes the average age of the considered stream. On
top of that, the effect of preemption and packet drops on the
AoI has been studied in [8], [9]. An increased interest in the
study of the AoI in prioritized queuing can be witnessed [10]–
[12]. In [12], it was shown that an individual waiting room
for preempted packets of each stream in a multi-class priority
scenario is not always beneficial to the age performance of
the system. There have also been efforts to extend the notion
of AoI to better capture the information content of the status
updates. For example, a new performance metric, dubbed the
Age of Incorrect Information (AoII), was proposed in [13].
Lately, scheduling with the aim of minimizing the average
age of the network has been considered [14]–[19]. However,
the focus of the literature in this regard lays mainly on
centralized scheduling policies and the theoretical work on
distributed policies is limited. With the AoI being of broad
interest in sensors-type applications where distributed schemes
are needed (e.g., environmental monitoring and vehicular
networks), minimizing the total average age in a distributed
environment is of paramount importance. In [20], the authors
studied a distributed scheme where devices that always have
fresh information at their disposal access the channel with a
certain probability. The access probability of each link is then
optimized with the aim of minimizing the total average age of
the network. In [21], it was shown that a Round Robin multiple
access scheme is asymptotically optimal (when the number of
devices tends to infinity) in minimizing the AoI. However, the
work in [21] assumed that the transmission of all links is the
same deterministic quantity. As links usually exhibit different
random channel conditions, we consider in this paper a general
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distributed scheduling scenario where the transmission time
of each link is supposed to be random and with different
average transmission time for each link. Moreover, our work
focuses on Carrier Sense Multiple Access (CSMA), which
is regarded as one of the most practical distributed Medium
Access Control (MAC) schemes in wireless networks.
CSMA is a class of simple and distributed multiple access
protocol that is seen as one of the most popular distributed
MAC schemes in wireless networks (e.g., CSMA is the basic
medium access algorithm in IEEE 802.11). In this class
of schemes, before sending a packet, each node determines
whether an interfering transmission is in progress using a
carrier-sense mechanism. There exists a vast amount of research results on CSMA in regards to its theoretical analysis
and applications. In fact, throughput optimal CSMA schemes
have been extensively investigated in the literature (we refer
the readers to [22] for a survey). For example, the authors
in [23] proposed a throughput optimal CSMA scheme where
the energy aspect of the transmission is taken into account.
With the AoI metric being relatively new, there has been little
work on CSMA in the AoI literature. More specifically, CSMA
has been investigated in the framework of vehicular networks
in [24]. In [24], the authors studied the average AoI of a
vehicular network environment numerically. It was shown that
the information age is minimized at an optimal operating point
(optimal average back-off time) that lies between the two extremes of maximum throughput and minimum delay. However,
closed-form results on that optimal point were not provided.
Based on the preceding, a concrete theoretical analysis to find
the optimal back-off time remains an open question. This
motivated our work where we theoretically study a general
CSMA environment with the aim of providing insights on
the age performance of the network. To the knowledge of the
authors, this is the first work that provides theoretical results on
the optimal back-off time of links in a CSMA setting with the
aim of minimizing the average AoI. To that end, the following
are the key contributions of this paper:
•

•

We first leverage the notion of Stochastic Hybrid Systems
(SHS) to model a CSMA environment in which N
interfering links contend for the channel. Armed with
these tools, we provide: 1) a closed-form expression of
the average age when links generate packets at will 2)
an upperbound of the average age when packets arrive
stochastically to each link. This upperbound is shown to
be generally tight, and to be equal to the average age in
certain scenarios.
Afterward, and in both scenarios, we formulate our
optimization problem with the aim of minimizing the
total average age of the network. Interestingly, it will
be shown that the minimum average age is achieved
for the same back-off duration in both the sampling and
stochastic arrivals scenarios. The formulated problem is
then shown to have an equivalent convex form that can
be solved efficiently to find the optimal back-off time of
each link. Based on this optimal point, theoretical insights

on the interaction between links in these CSMA settings
are provided. We also provide further applications of our
considered model that incorporate many realistic scenarios: 1) hybrid networks consisting of both throughput and
age-sensitive links 2) networks where each link requires
an average age guarantee. Following that, the proposed
optimized CSMA scheme is implemented in a realistic
IEEE 802.11 setting and its performance is highlighted.
Moreover, we compare the performance of our proposed
age-optimal CSMA scheme with the throughput optimal
one. This comparison sheds the light on important differences between the two frameworks.
• Next, with the aim of further improving the performance
of the network, we propose a novel modification to the
CSMA scheme in question. More precisely, we let each
link have the freedom to transition to SLEEP mode
upon successful packet transmission. To showcase the
benefits of our proposed modified CSMA scheme, we
first thoroughly study a simplified version of it where we
find a closed-form of the average age of the network in
function of the performance parameters. This simplified
version helps us capture the essence of our proposed
scheme, provides important insights on the interaction
between the links and showcases the average age gain
with respect to the optimized standard CSMA. Lastly,
to circumvent the intractability of finding a closed-form
of the total average age in the general version of our
proposed scheme, a Sequential Convex Approximation
(SCA) approach is presented to optimize the age performance. The convergence of the SCA procedure to a
stationary point is then proven. It is worth noting that
our approach is applicable to any general average age
minimization problem modeled through the same SHS
tools. Simulations results are then laid out to highlight
the performance gain offered by our SCA approach in
comparison to that of the optimized standard CSMA.
The rest of the paper is organized as follows: Section II
presents the system model. Preliminaries on stochastic hybrid
systems tools are given in Section III. Section IV provides
the closed-forms of the average age in both the sampling and
stochastic arrivals scenarios. Section V put into perspective
our optimization problem and our proposed solution to find the
optimal operating point. Section VI revolves around our newly
proposed CSMA scheme with the aim of further improving the
performance of the network. Numerical results that corroborate
the theoretical findings are also presented within Sections V
and VI while Section VII concludes the paper.
II. S YSTEM M ODEL
We consider in our paper N links (transmitter-receiver
pairs) sharing the medium of transmission. The transmitter
side of each link sends status updates to its corresponding
monitor. However, due to interference, only one link can be
active at each time instant. As links usually exhibit random
channel conditions, we suppose that the transmission time of
the packets of link k is an exponentially distributed random
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variable with an average channel holding time of H1k . This
paper focuses on a network where links employ CSMA to
access the channel. In this class of schemes, a transmitter
listens to the medium before sending a packet. More specifically, a transmitter waits for a certain duration of time before
transmitting, called the back-off time. While waiting, it keeps
sensing the environment to spot any conflicting transmission.
If any interfering transmission is spotted, the transmitter stops
immediately its back-off timer and waits for the medium to
be free to resume it. In other words, the back-off timers of
all links only tick when the channel is idle. After successful
transmission by a certain link, the transmitter side of this link
generates a new back-off time to prepare for the next packet
transmission. We suppose that the chosen back-off time by any
link k is exponentially distributed1 with an average of R1k . It is
worth mentioning that the adoption of exponential distribution
for the back-off times has been widely done in the CSMA
literature [23] [25]. In the following, we adopt the standard
idealized CSMA assumptions [25]: 1) the problem of hidden
nodes does not exist (i.e., all transmitters are within the same
communication range) 2) sensing is considered instantaneous.
The first condition is satisfied in realistic scenarios if the
range of carrier-sensing is large enough [26]. The second
condition lets us capture the essence of the scheduling problem
in question without being concerned about the contention resolution. We will discuss in Section V-A how the present work
and analysis can be extended to the case where contention
resolution is involved and we will provide implementation
considerations in IEEE 802.11 networks.
The next aspect of our model that we tackle is the packets’
arrivals of each link in the network. To do so, we distinguish
between two scenarios concerning the packets in the network:
1) Sampling: In this framework, links are able to generate
information updates anytime at will. This model is of
paramount importance in a variety of cases where the
AoI metric is considered of interest (e.g., a temperature
sensor generating packets to reproduce the temperature process at the monitor side). Therefore, it has
been heavily adopted in the AoI literature (some nonexclusive examples include [4] [20] [21]). To that end,
we consider in this scenario that once a link captures
the medium, it samples its process and proceed to
the transmission stage. Sampling before capturing the
medium will induce unnecessary staleness to the packet
and is therefore omitted. We also forgo queuing in the
network since, as it was shown in [4], queues will induce
unnecessary staleness to the sampled packets. It is worth
noting that, in general, the time required to generate
a sample is much smaller than the transmission time.
Consequently, to keep our analysis tractable and as it
has been previously adopted in the literature, we assume
that the sampling time is negligible [4].

2) Stochastic arrivals: In this framework, packets are
assumed to arrive randomly to each link. This model
covers a variety of AoI applications where links have
no control over their packets’ arrivals and it has been,
therefore, also adopted in the literature (some nonexclusive examples include [2] [3]). Subsequently, we
suppose that the packet’s arrival at each transmitter k
is exponentially distributed with a rate of λk . Also, in
this case, we forgo queuing; each transmitter keeps at
most one packet in its system. Upon a new arrival of a
packet to transmitter k, the packet of transmitter k that is
currently available (or being served) is preempted and
discarded. This setting is motivated by the fact that a
preemptive M/M/1/1 scenario was shown to minimize
the average age in the case of exponential transmission
time [7]. Moreover, this model is useful in realistic scenarios (e.g., congested wireless network) as the service
time would be dominated by the MAC access delay [27].
Remark 1. We have adopted a zero-wait sampling policy
in our sampling scenario. More specifically, the transmitter
side of the link that captures the channel generates a packet
immediately and the transmission phase begins. We have
opted out from any waiting mechanisms before sampling after
capturing the channel for the following reasons:
1) The transmitters already wait a certain amount of time
before transmitting as the CSMA framework requires a
back-off mechanism to be adopted by each link.
2) As we are interested in a random access environment,
any waiting before sampling by a particular link after
capturing the channel will lead to unnecessary aging of
the remaining links that are waiting for the channel to
be free again.
Assumption 1. We assume that, in the stochastic arrivals
scenario, a transmitter that captures the medium sends a
“fake” update (i.e., a packet with the same timestamp as the
previously transmitted packet) if its buffer is empty [28]. This
will make the mathematical model tractable as investigating
the exact case requires tracking the buffer status of each
link which makes the system dimensions grow exponentially.
Therefore, the performance achieved in our model constitutes
an upper bound for the average age when compared to the
case where only links with available packets compete for the
channel. It is worth noting that the gap between the two
scenarios vanishes as the traffic intensity increases. Moreover,
simulation results are presented in Section V-D to showcase
the tightness of this upper bound even in low traffic scenarios.
As we will investigate the AoI in both of the above frameworks, we emphasize on the wide scope of our paper as
it encompasses a large variety of AoI applications. In both
scenarios, the instantaneous age of information at the receiver
(monitor) of link k at time instant t is defined as:
∆k (t) = t − Uk (t)

1 The

validity of the conclusions drawn from our subsequent analysis will
be verified for more general back-off and service time distributions in Section
V-D-2.

(1)

where Uk (t) is the timestamp of the last successfully received
packet by the receiver side of link k. Clearly, the age of each
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link will depend on the time spent to capture the medium and
its transmission time. The ultimate goal therefore consists of
minimizing the total average age that is defined as:
Z
N
N
X
X
1 τ
∆k (t)dt
(2)
∆=
∆k =
lim
τ →∞ τ 0
k=1

k=1

III. P RELIMINARIES ON SHS
The standard approach to calculate the average age throughout the literature is a graphical one which revolves around
decomposing the area below the curve of the instantaneous age
to multiple trapezoids and calculating each of their area [2].
However, this approach can be quite challenging in systems
where packets can be dropped (i.e., lossy systems) [27] or
when a variety of events needs to be accounted for (e.g., a
random access environment). To overcome this challenge, we
adopt the SHS approach to calculate the total average age in
our case [28] [29]. In fact, the SHS approach simplifies the
analysis of such systems since it incorporates elegantly all the
events through appropriate state transitions. In the following,
we describe the principles of the SHS method while focusing
on our considered CSMA scenario.
The SHS approach consists of modeling the network through
the states (q(t), x(t)) where:
1) q(t) ∈ Q is a discrete process that captures the status of
the network in question. For example, q(t) can be set to
0 when the medium is idle. We denote by Q the discrete
set of values that q(t) can have.
2) x(t) ∈ R2N is a vector that captures the evolution of
the age processes in the network. More specifically:
x(t) = [x0 (t), x1 (t), . . . , x2N −2 (t), x2N −1 (t)]

(3)

where x2k (t) and x2k+1 (t) are the age at the monitor
of link k + 1 and the age of the packet currently present
in the system of link k + 1 respectively with k being an
integer belonging to the set {0, . . . , N − 1}.
For completeness, we briefly describe the idea of SHS and we
refer the readers to [28] [29] for a more in-depth discussion.
The discrete process q(t) is a Markov process that can be
represented graphically by a Markov chain (Q, L) in which
each state q ∈ Q is a vertex in the chain and each transition
l ∈ L is a directed edge (ql , ql0 ) with a transition rate λ(l) δql ,q(t)
where the Kronecker delta function assures that this transition
l can only take place when the discrete process q(t) is equal
to ql . For each state q, we define the incoming and outgoing
transitions set respectively as:
L0q = {l ∈ L : ql0 = q}

Lq = {l ∈ L : ql = q}

(4)

The interest in SHS stems from the fact that the discrete
process transitions will induce a reset to the continuous
process. More specifically, when a transition l takes place, the
discrete process jumps to another state ql0 and a discontinuous
jump in the continuous process x0 = xAl is seen. The matrix
Al ∈ R2N × R2N is referred to as the transition l reset maps.
These reset maps will be pivotal to the proper modeling of the
evolution of the age process (e.g., the matrix Al will allow us

to model a drop in the age at the monitor when a packet is
successfully delivered). Finally, to fully capture the evolution
of the age process in each state q ∈ Q, we recall that the age
can only increase linearly with time. To incorporate this in the
analysis, we let the continuous process x verify in each state
q ∈ Q the following first-order differential equation: ẋ = bq .
In this context, bq = [b0q , . . . , bq2N −1 ] is a binary vector where
biq is equal to 1 if the age xi (t) increases at a unit rate when the
system is in state q (i.e., ẋi (t) = 1) and is equal to 0 if the age
keeps the same value in this state (ẋi (t) = 0). For example,
the age of each link at the monitor always grows linearly with
time and therefore b2k
q = 1 ∀k, q. To calculate the average age
of the system through SHS, the following quantities for each
state q ∈ Q need to be defined:
πq (t) = E[δq,q(t) ] = P (q(t) = q)

(5)

v q (t) = [vq0 (t), . . . , vq(2N −1) (t)] = E[x(t)δq,q(t) ]

(6)

where πq (t) is the Markov chain’s state probability and v q (t)
denotes the correlation between the age process and the
discrete state of the system q. To ensure the existence and
uniqueness of a steady-state distribution of the Markov chain,
we assume that the Markov chain q(t) is ergodic. To that end,
we define the steady-state probability vector π = [π q ]q∈Q as
the solution to the following general balance equations:
X
X
πq (
λ(l) ) =
λ(l) π ql q ∈ Q
(7)
l∈Lq

l∈L0q

X

πq = 1

(8)

q∈Q

As it has been shown in [28], the correlation vector v q (t)
converges in this ergodic case to a limit v q such that:
X
X
vq (
λ(l) v ql Al q ∈ Q
λ(l) ) = bq π q +
(9)
l∈Lq

l∈L0q

Building on this, we can deduce
that E[x2k ]
P
lim E[x2k (t)]
=
lim
E[x2k (t)δq,q(t) ]
t→+∞
t→+∞ q∈Q
P
v q2k ∀k ∈ {0, . . . , N − 1}.

=
=

q∈Q

Based on the aforementioned results from [28] and because
the ultimate goal is to calculate the average age at the
monitor of each link k, we present the following theorem that
summarizes all that have been previously stated.
Theorem 1. When the Markov chain q(t) is ergodic and
admits π as stationary distribution, if we can find a nonnegative matrix v = [v q ]q∈Q such that v q ∀q ∈ Q is the
solution of eq. (9), then the SHS is stable and the average age
at the monitor of link k ∀k ∈ {1, . . . , N }, is:
X
∆k =
v q2(k−1)
(10)
q∈Q

The results of the above theorem will be utilized to find
closed-forms of the average age in several scenarios as it will
be depicted in the next section.
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IV. AVERAGE AGE C LOSED -F ORMS
In order to simplify the average age calculations, we
forgo studying the age process of all links simultaneously.
Instead, we examine a link of interest i and calculate its
average age by considering the network from its perspective.
Afterward, the total average age of the network can be easily
concluded by summing over all the links. By proceeding in
this direction, the application of Theorem 1 becomes easier
as the dimensions of the following quantities will be reduced:
x(t), v q , bq ∈ R2 ∀q ∈ Q and Al ∈ R2 × R2 ∀l ∈ L. In this
case, we define the discrete states set Q = {0, 1, 2, . . . , N }
where q(t) = k if link k has captured the channel and
started transmission at time t while q(t) = 0 if the channel
is idle at time t. The continuous-time state process is
defined as x(t) = [x0 (t), x1 (t)] where x0 (t) is the age of
the link of interest i at the monitor at time t and x1 (t)
is the age of the packet in the system of link i at time
t. Our goal becomes to solve eqs. (9) to conclude the
vectors v q = [v q0 , v q1 ] ∀q ∈ Q that will allow us to
calculate the average age of the link of interest i through
Theorem 1. We now proceed to investigate the network from
link i’s perspective in the two previously mentioned scenarios.
1) Sampling: To proceed towards our goal in this scenario,
we summarize the transitions between the discrete states and
the resets they induce on the age process x(t) from the
perspective of link i in the following table:
ql → ql0
0→1
..
.

λ(l)
R1
..
.

xAl
[x0 , x1 ]
..
.

Al
[ 10 01 ]
..
.

v ql Al
[v 00 , v 01 ]
..
.

N
N +1

0→N
1→0
..
.

RN
H1
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10 01 ]
[ 10 01 ]
..
.

[v 00 , v 01 ]
[v 10 , v 11 ]
..
.

N +i

i→0
..
.

Hi
..
.

[x1 , 0]
..
.

[ 01 00 ]
..
.

[v i1 , 0]
..
.

2N

N →0

HN

[x0 , x1 ]

[ 10 01 ]

[v N 0 , v N 1 ]

l
1

TABLE I: Sampling scenario SHS description
In the sequel, we elaborate on the transitions reported in Table
I:
1) The first set of transitions spanning from l = 1 till l =
N corresponds to the case where link k captures the
channel. Thanks to the memoryless property of the backoff times, the rate of each of these transitions l = k is
Rk . Capturing the channel does not change the age of
the link of interest i at the monitor nor the age of the
packet in its system. Therefore, the age process vector
stays the same without any reset x0 = xAl = x.
2) The transitions l = N + k, ∀k correspond to the
case where link k releases the channel upon successful
transmission. As can be seen, a successful transmission
of any packet belonging to links k 6= i will not result in
any reset of the age process x. On the other hand, for

Fig. 1: Illustration of the stochastic hybrid systems Markov
chain for the sampling scenario
the transition l = N + i, the age at the monitor of link
i resets to the age of the packet that was delivered x1 .
As there are no more packets in the system for link i,
the age x01 is set to 0.
As for the differential equations governing the evolution of
the age process, we know that the age at the monitor always
increases at a unit rate (i.e., ẋ0 (t) = 1 ∀q ∈ Q). On the other
hand, we recall that link i samples its process only when it
captures the channel. In other words, there are no packets in
the system for link i except in state q(t) = i. Consequently,
x1 (t) increases at a unit rate solely when q(t) = i:
bq = [1 0]

∀q 6= i

(11)

bq = [1 1]

q=i

(12)

To proceed with applying Theorem 1, we first have to find the
stationary distribution of the Markov Chain that models the
transitions reported in Table I and shown in Fig. 1. For this
purpose, we provide the following proposition:
Proposition 1. The continuous-time Markov chain is irreducible, time-reversible and admits π k as stationary distribution for any feasible state 0 ≤ k ≤ N where:

1
π 0 = C(R)
Rk
(13)
π k = H k
k
=
1,
.
.
.
,
N
C(R)
and C(R) is a normalization factor that is equal to:
N
X
Rk
(14)
Hk
k=1
Proof: The proof can be found in Appendix A of the
supplementary material.
Equipped with the above results, we provide the following
theorem.

C(R) = 1 +

Theorem 2. In the sampling scenario, the total average age
is:
N
P
Rk
N
Hk2
X
1
∆(R) = N k=1
+ C(R)(
)
(15)
C(R)
Rk
k=1
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Proof: The proof can be found in Appendix B of the
supplementary material.
2) Stochastic arrivals: By employing the same methodology of the previous scenario, we present the following results.
Theorem 3. In the stochastic arrivals scenario, and under
Assumption 1, the total average age is:
N
P
Rk
N
N
N
H2
X
X
X
1
1
1
k=1 k
∆(R) =
−
+N
+ C(R)(
)
λk
Hk
C(R)
Rk
k=1
k=1
k=1
(16)

practice, the sensing delay cannot be neglected and, therefore,
the back-off time is chosen as a multiple of mini-slots.
The duration of the mini-slot Tslot is dictated by physical
limitations such as propagation delay (the time necessary
for the receiver to detect the radio signals). Consequently,
collisions can happen due to the discrete nature of the backoff times. Accordingly, for our proposed analysis to hold,
we need to investigate this practical issue. In the following,
we elaborate on how our collision-free theoretical analysis
from the previous sections can be extended to the case where
collisions may occur by simply adding a constraint to our
average age minimization problem.
A. Contention Resolution

Proof: The proof can be found in Appendix C of the
supplementary material.
As we have previously detailed, the above expression holds
under assumption 1 and forms an upper bound to the average
age performance when the assumption is violated.
Remark 2. An important observation we notice in eq. (16) is
the fact that the total average age depends on the arrival rate
N
P
1
of each link solely through the term
λk . This means that

As it was previously mentioned, the back-off time of each
link is chosen in practice as a multiple of mini-slots each
of duration Tslot . More specifically, each link k picks a
random back-off window uniformly distributed from the range
[0, Wk −1] where Wk is referred to as the Contention Window
(CW) of link k. In this case, the average back-off time
becomes Tslot Wk2−1 . Knowing that our theoretical analysis
assumes an average back-off time of R1k , the following relationship always holds:

k=1

the optimization of the average back-off times in this scenario
is independent of the arrival rate as the optimization problem
N
P
can be solved without the additive term
( λ1k − H1k ). This
k=1

makes the practical implementation of our proposed CSMA
scheme interesting as there is no need to have any prior
knowledge on the arrival rate of each link to calibrate their
average back-off time.
Remark 3. Another interesting conclusion we can draw from
the two expressions in both Theorems 2,3 and the previous
remark is that the same back-off rate R∗ minimizes both
average age expressions. What makes such an observation
extremely valuable in our considered CSMA model is that
whatever the nature of the packets in the network is, sampling
or stochastic arrivals, the same optimization problem has to
be solved. More specifically, if we consider a general network
where M links generate packets at will while L = N − M
links receive packets stochastically, it is enough to optimize
the following function to minimize the total average age:
N
P

Rk
Hk2

N
X
1
+ C(R)(
F (R) = N
)
C(R)
Rk
k=1

(17)

k=1

Tslot

Wk − 1
1
=
2
Rk

To ensure that our collision-free theoretical analysis holds in
this case, we aim to upper bound the collisions probability
pc by a maximum allowed collisions probability pmax . The
quantity pmax is chosen to be sufficiently small in order to
ensure that collisions are rare in the network. To achieve
this goal, we propose to lower bound the contention window
of each link by a minimum contention window W0 (i.e.,
Wk ≥ W0 ∀k). Simply put, each link will be forced to use
a contention window that is at least equal to W0 . As the
probability of collisions increases the lower the contention
windows of links are, we can assert that the probability of
collisions pc is upper bounded by pcu where pcu refers to the
collisions probability when all links adopt the same minimum
allowed contention window W0 . In this case, and by leveraging
the results proposed by Bianchi [30], we have:
pcu = 1 − (1 − τ )N −1

Before we formulate our average age minimization problem,
we first elaborate on our assumption of zero sensing delay.
The sensing time is typically negligible with respect to the
transmission time, which makes this assumption viable. However, this assumption, along with the continuous nature of the
back-off time, leads to the collisions becoming impossible. In

(19)

where τ is the transmission probability of each link and is
equal to W02+1 [30]. As pc ≤ pcu , then to guarantee that the
probability of collisions is less than pmax , it is sufficient to
upperbound pcu by pmax . Specifically:
1 − (1 − τ )N −1 ≤ pmax

V. AVERAGE AGE O PTIMIZATION

(18)

(20)

After algebraic manipulations, we get the following condition:
 log(1 − p

max )
τ ≤ 1 − exp
(21)
N −1
As W0 is the minimum contention window, we can conclude
from (18) that the highest back-off rate Rk that can be used
by any link k is:
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RU B =

2
(W0 − 1)Tslot

(22)

Consequently, by using the above results, and as τ is equal to
2
W0 +1 in this case, we can conclude that the condition in (21)
is equivalent to the following:
1
Tslot
1

RU B ≤

log(1−pmax )
N −1

1−exp

 −1

(23)

Accordingly, in order to have a probability of collisions less
than pmax , it is sufficient to upper bound the back-off rate
of each link by a constant RU B =
1−exp

1
Tslot
1
log(1−pmax )
N −1

 −1 . By

letting pmax be small enough that collisions can be ignored,
our collision-free theoretical analysis will still hold in this
case. Therefore, it suffices to minimize the average age while
taking into account that a back-off rate upper bound cannot
be surpassed. After optimizing the back-off rate of the links
subject to this constraint, the optimal contention window of
each link can be deduced using (18). Implementations of
this approach in a realistic IEEE 802.11 environment will
be presented in Section V-D and it will be shown that the
performance degradation in comparison to that of the idealized
collision-free CSMA settings is minor. The question that
remains, and that the next section will answer, is the following:
how to optimize the back-off rate of each link?
B. Average age minimization
The ultimate goal of the work is to optimize the average
back-off time of each link in a way to minimize the total
average age of the network. As it was pointed out in Remark
3, the total average age of the network is minimized by the
same optimal back-off rate R∗ in both the sampling and
the stochastic arrivals scenarios. We therefore focus in the
following on the sampling scenario case while bearing in mind
that the difference P
between theP
two scenarios lays solely in
N
N
1
1
the additive term
k=1 λk −
k=1 Hk . Consequently, our
optimization problem is as follows:
N
P
Rk
N
H2
X
1
k=1 k
+ C(R)(
minimize N
)
(24)
R
C(R)
Rk
k=1

subject to

0 ≤ Rk ≤ RU B

k = 1, . . . , N

At a first glimpse, the problem in (24) appears to be a
special case of the well-known sum of ratio problems which
are generally hard to solve [31]. However, by analyzing its
structure, this optimization problem can be converted into an
equivalent convex problem via variable substitutions as it will
be depicted in the following. To put this into perspective, let
1
and the variables fk
us introduce the new variable  = C(R)
such that fk = Rk ∀k. As 0 ≤ Rk ≤ RU B ∀k, we can
conclude that these constraints translate into the following:
1
0 ≤ fk ≤ RU B ∀k. Next, we can observe that  = C(R)
= π0
and is therefore upper bounded by 1. Afterward, as the highest
∂
possible value of Rk is RU B and as ∂R
= Hk−1
C(R) < 0,
k
1
we can conclude that  ≥
.
Lastly,
by
substituting
N
P
1+

k=1

RU B
Hk

Rk by fk in the expression of , the relationship between
Pand fk can be captured through the following equality:
N
fk
k=1 Hk = 1 − . By combining all these observations, our
optimization problem can be reformulated as follows:
N
N
X
X
1
fk
+
minimize N
f ,
Hk2
fk
k=1

k=1

subject to 0 ≤ fk ≤ RU B
k = 1, . . . , N
1
≤≤1
N
P
RU B
1+
Hk

(25)

k=1

N
X
fk
=1−
Hk

k=1

We analyze the above problem in the next theorem where
we establish its convexity. This enables us to find its optimal
solution, which puts into perspective the importance of our
proposed transformation.
Theorem 4. The optimal back-off rate of each link k is:

RU B
if µ∗k > 0
r
∗
(26)
Rk =
H
 ∗2 ( Nk+ρ∗ ) if µ∗k = 0
Hk

where

µ∗k ,

∗

∗

ρ and  verify:

µ∗k = −

1
N
ρ∗
+ ∗2 ∗2 −
2
Hk
Hk
 Rk
ρ∗ = RU B

N
X

k = 1, . . . , N

(27)

µ∗k

k=1

∗ =

1
C(R∗ )

(28)

Proof: The proof can be found in Appendix D of the
supplementary material.
Lemma 1. If Hk = H ∀k, then Rk∗ = RU B ∀k.
Proof: The proof can be found in Appendix E of the
supplementary material.
Remark 4. The results of Lemma 1 are interesting as they put
into perspective the fact that in the case where links have the
same average channel holding time H1 , no priority is given
to any of the links in accessing the channel. The intuition
behind these results is the following: when links have the
same average channel holding time, a transmission by any
of the links will lead to the same average increase in the age
of the other idle links. Therefore, there are no grounds for
giving priority to any of the links in accessing the channel.
Consequently, to minimize the total average age in this case,
all we need to do is send as many packets as possible while
making sure collisions are rare (i.e., Rk = RU B ∀k). On the
other hand, as it will highlighted in Section V-D, this will not
hold in the asymmetric average channel holding time scenario.
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C. Further applications
1) Average age minimization with throughput requirements:
In several realistic scenarios, the network can consist of a
variety of applications:
1) AoI sensitive applications that require the information
at the receiver to be as fresh as possible.
2) Throughput sensitive applications that necessitate a minimum throughput guarantee to ensure the seamless flow
of information (e.g., queuing stability).
We investigate in the following this type of hybrid networks.
More specifically, we suppose that a subset L of links, such
that |L | = L with 1 ≤ L < N , demands a fixed throughput
guarantee. It is worth noting that these links can generate
packets at will or have stochastic arrivals. Moreover, they
can adopt any queuing discipline and are not bound to the
preemptive LCFS discipline employed by the age sensitive
links. The rest of the links M with |M | = M = N − L
require their age to be as minimum as possible. Without
loss of generality, we suppose that the throughput required
by each link belonging to L is normalized with respect to
the link capacity (i.e., the throughput required by link l is
sl < 1) [23] [25]. In this case, sl can be viewed as the
fraction of time link l has to be transmitting. By employing our
CSMA scheme, we know that the state l of the Markov chains
reported in Figs. 1 and 8, for the sampling and stochastic
arrivals cases respectively, corresponds to the case where link
l is transmitting. Consequently, we can define the normalized
throughput of each link l, denoted by sl , as the amount of
time the Markov chain is in state l. More specifically:
sl = π l =

Rl
Hl

C(R)

(29)

Naturally, we assume that the total required throughput by
all links L is feasible, i.e., there exist a vector R such that
0 ≤ Rk ≤ RU B and sl ≥ sl ∀l ∈ L . Consequently, by
using the results of (29) and by following the same change of
variables as the previous section, the throughput requirement
condition sl ≥ sl ∀l ∈ L can be easily incorporated in our
analysis by adding L simple convex constraints to the problem
in (25) as follows:
minimize
f ,

M

M
M
X
X
fm
1
+
2
Hm m=1 fm
m=1

subject to 0 ≤ fk ≤ RU B
k = 1, . . . , N
1
≤≤1
N
P
RU B
1+
Hk

(30)

k=1

N
X
fk
=1−
Hk

k=1

fl − Hl sl ≥ 0

∀l ∈ L

One can easily see that the obtained problem is convex in
f = [f1 , . . . , fN ] and . Therefore, the optimal point (f ∗ , ∗ )
can be easily found by invoking the same convex optimization

tools that were used in the previous subsection. The optimal
back-off rate∗ of each link k can then be deduced by noting
f
that Rk∗ = k∗ ∀k. The detailed calculations are omitted for the
sake of space.
2) Average age minimization with average age guarantee:
Another additional application is a scenario where we give
each link i, belonging to a subset of links I , a guaranteed
minimum average age ai . A simple example of such an
application is the case where priority is given to certain links
that carry critical data and require an average age guarantee2 .
To incorporate this guarantee, and by following the same
change of variables as the previous section, it is sufficient to
add the simple convex constraint to the problem in (25) for
each average age guarantee condition:
1) Sampling:
N

∆i (R) =

X fk
1
≤ ai
+
fi
Hk2

∀i ∈ I

(31)

k=1

2) Stochastic arrivals:
N

∆i (R) =

1
1
1 X fk
≤ ai
−
+ +
λi Hi fi
Hk2

∀i ∈ I (32)

k=1

As these additional constraints are convex, the optimization
problem remains convex and the optimal point (f ∗ , ∗ ) can
be easily found by invoking convex optimization tools. The
detailed calculations are omitted for the sake of space.
Remark 5. It is worth noting that the two mentioned applications can be easily combined together through their respective
constraints.
D. Numerical Results
In the following, we provide numerical results that shed
the lights on numerous aspects of our proposed age-optimal
CSMA scheme. As pointed out in our theoretical analysis,
the minimum average age is achieved for the same backoff duration in both the sampling and the stochastic arrivals
scenarios. We therefore focus in the following, unless stated
otherwise, on the sampling case.
1) Optimal operating point: In the first set of simulations,
we consider 2 links with link 1 and 2 having an average
channel holding time of 1ms and 0.2ms respectively. We set
the contention window lower bound to W0 = 16. The slot time
is set to Ts = 9µs (as adopted in IEEE 802.11n) which leads
to RU B being equal to 14.8 (we recall the results of (22)). We
report the total average age of the system in function of R1 and
R2 in Fig. 2a. The first thing we can see is that if both R1 and
R2 approach zero, the total average age is high as links barely
access the channel. Also, if only one of them approaches zero,
the total average age grows rapidly due to the starvation of that
link. The optimal total average age of the network (marked in
2 It is straightforward to assume that the age guarantees for all links are
feasible, i.e., there exist a vector R such that 0 ≤ Rk ≤ RU B and ∆i (R) ≤
ai ∀i ∈ I .
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(a) The average age in function of R1 and
R2

(b) The average age in function of CW1
and CW2 for constant service time

(c) The average age in function of CW1
and CW2 for gamma distribution

Fig. 2: Simulation results 1
∗
red) was achieved for (∆ = 3.64, R1∗ = 5.16, R2∗ = 14.8). presented in Section V-A. To do so, we consider an access
This allows us to conclude the following.
point communicating to N interfering nodes and compare the
performance of the two following cases:
Conclusion 1. In a CSMA environment where links use
• The unconstrained idealized CSMA settings case where
exponential back-off times and have exponential service times,
collisions are assumed to be impossible. This refers to
we should prioritize the transmission of packets from fast
the optimal age of the convex problem in (25) with the
service rate links. We can achieve this by increasing their
imposed constraints being relaxed (i.e., RU B −→ +∞).
aggressiveness on the channel (small average back-off time).
•
The practical implementation of our proposed algorithm
The intuition behind this is that: a packet transmission by a
in an IEEE 802.11 environment with a slot time of Ts =
fast link will lead to a smaller impact on the age of the other
9µs.
This refers to the case where: 1) RU B is set based
links when compared to a transmission by a slow link.
on the contention resolution approach of Section V-A 2)
2) Validity of Conclusion 1 for more general distributions:
the contention window of each link is deduced by solving
Intuitively, the above conclusion should hold for a larger
(25) and using the relationship in (18). These values are
class of back-off and service time distributions. To affirm our
disseminated to each link by the access point.
intuition, we consider 2 users contending for the channel.
We suppose that each link in the network has an average
Instead of the exponential back-off times, we suppose that
channel holding time of 1 ms. We vary the density of the
the back-off time is chosen as a multiple of slot times Ts
nodes and use CVX [32] to solve the necessary optimization
uniformly distributed in [0, CW − 1]. CW is referred to as
problems. We can see in Fig. 3a that the performance of
the contention window and the time slot is set to be Ts = 9µs.
our IEEE 802.11 implementations virtually coincide with the
This in accordance with the IEEE 802.11 standard. We also
unconstrained idealized CSMA settings for small values of
consider a variety of transmission time distributions:
N . As the density of the nodes increases, a gap starts forming
• Constant time: The transmission time of users 1 and 2
between the realistic IEEE 802.11 implementations and the
are fixed to Ttr1 = 1ms and Ttr2 = 5ms respectively.
idealized CSMA settings. This is due to the fact that as the
• Gamma distribution: We consider that the shape paramenodes’ density increases, collisions will have a more severe
ter is equal to 2 for both users. The scale parameter is set impact on the performance. However, one can see that even
to 12 and 52 for users 1 and 2 respectively. Accordingly, for a density of 8 nodes in a single collision domain, the
the average transmission time of users 1 and 2 is equal performance degradation with respect to the perfect idealized
to 1ms and 5ms respectively.
CSMA settings is only around 10%.
We iterate over a large space of contention windows values
4) Assumption 1 verification: In the same IEEE 802.11
for both users. The results are reported in Fig. 2b and 2c environment, we provide a comparison between our stochastic
where we highlight the age-optimal point in red. The optimal arrivals optimization framework and the case where links only
point is: (∆∗ = 7.3, CW1∗ = 26, CW2∗ = 56) and (∆∗ = compete for the channel when they have available packets
8.7, CW1∗ = 46, CW2∗ = 106) for the constant and gamma in their buffers (we refer to this case as “Packets CSMA”).
distributed service time respectively. In both cases, the optimal As we have pointed out before, our framework constitutes an
point reveals that links with fast service rates are assigned low upper bound for the age performance when compared to the
contention windows (i.e., small average back-off time). This “Packets CSMA” case. However, the gap between the two
affirms our intuition that the insights provided by our exact performances vanishes as traffic intensity increases. For this
analysis in the exponential case can still hold for more general reason, we compare the two cases for low traffic to showcase
back-off and service time distributions.
the tightness of the upper bound provided by our proposed
3) IEEE 802.11 implementations: In this scenario, we put optimization framework even for low traffic. We suppose that
into perspective our proposed contention resolution approach H1 = H2 = 1, and we vary the arrival rates λ1 = λ2 = λ.
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Fig. 3: Simulation results 2
The back-off rates (R1 , R2 ) are optimized in both cases to the maximum throughput policy is adopted in Fig. 3d. For the
minimize the total average age. One can see in Fig. 3b that same reason stated above, we can see that the performance of
the two plots are really close, with the gap between them the two schemes coincide when H1 = H2 = 1. As for the rest
being 1.9 at λ = 0.05 and 0.9 at λ = 1. Beyond this point, of the values of H2 , we can see that the throughput optimal
the gap between the two plots tends to zero. This highlights CSMA scheme is far from being age optimal, with the loss
that the mathematical tractability offered by our “fake” updates factor reaching as high as 25%.
framework comes at a small penalty in terms of performance
VI. I MPROVED CSMA SCHEME
in low traffic scenarios while bearing in mind that this penalty
With the aim of further reducing the average age of the
disappears for high traffic scenarios.
network,
we observe the following: when link i captures the
5) Comparison with throughput optimal CSMA: As it was
channel,
it
samples its process and proceeds to the packet
previously reported in eq. (29), the total normalized throughput
PN Rk
transmission
stage. Upon successful transmission, the age
PN
k=1
of the network can be expressed as S = k=1 sk = C(R)Hk process of the aforementioned link drops. As the monitor now
PN Rk
where C(R) is equal to 1 + k=1 H
. Therefore, the opti- has fresh knowledge of the process of link i, a new transmisk
mization problem of maximizing the total throughput in the sion right after does not necessarily provide substantial gain
network can be formulated as follows:
for the total average age of the network. More specifically,
PN Rk
letting other links send their more needed packets sounds more
k=1 Hk
beneficial to the network’s overall performance. In our CSMA
maximize
(33) model of the previous sections, each link always compete for
R
C(R)
subject to 0 ≤ Rk ≤ RU B
k = 1, . . . , N
the channel whether or not it has just finished transmitting a
packet. Consequently, the CSMA model needs to be modified
1
To solve the above problem, we first rewrite S as 1 − C(R) .
to incorporate a new mechanism that enables the channel to
Consequently, we can see that S is increasing in R. Therefore, be freed by links who have just finished transmitting their
the optimal back-off rate that maximizes the total throughput packets. To proceed in that direction, we let each link transition
of the network is Rk = RU B ∀k. The above results show to SLEEP mode straight after a successful transmission. In
that a maximum throughput policy gives the same maximum SLEEP mode, the link does not contend for the channel and
allowed back-off rate to all links as the goal is to send as many therefore the burden on the channel is reduced to let other
packets as possible regardless of the source. On the other hand, links have more freedom with the available resource. In the
the minimum age policy takes into account the transmission sequel, we focus on the sampling scenario while bearing in
time of links as it was shown in the first part of the numerical mind that the subsequent work can be easily extended to the
results. To provide a comparison between the two policies, stochastic arrivals case simply by, as it has been done in
we consider a 2 links scenario with H1 = 1 and we iterate previous sections, including the arrival rates transitions in the
over a range of H2 with RU B being fixed to 14.8. First of all, SHS model.
we compare the two policies in terms of throughput. As seen
in Fig. 3c, the maximum throughput policy always achieves a A. Simplified settings
higher throughput when compared to the minimum age policy.
As finding a closed-form of the total average age is rather
In fact, the minimum age policy can be seen to be far from complicated in the general case where each link has the ability
being throughput optimal. The performance of the two policies to transition to SLEEP mode, we focus in the following on a
coincide when H1 = H2 = 1 which is due to the fact that simplified case. In this scenario, we consider N interfering
for this case, the optimal back-off rate for the minimum age links contending for the channel where only one link among
policy is Rk = RU B ∀k (this has been theoretically proven in the N links, denoted in the sequel by link i, has the ability
Lemma 1).
to transition into SLEEP mode. We study these settings to
Next, we compare the two policies in terms of average age. To capture the essence of the extra freedom given to the link and
do so, we provide the percentage of loss in average age when observe its potentials and consequences on the performance
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of the network. To that extent, in addition to the previous
CSMA procedures detailed in Section II, we suppose that link
i sleeps for an amount of time upon successful transmission.
The sleep duration is assumed to be exponentially distributed
with an average of w1 . Consequently, the variables to be
optimized are3 : (R1 , . . . , RN , w). By taking into account the
aforementioned procedures, we define the discrete states set
as Q = {0, 1, . . . , N, 00 , 10 , . . . , i0 − 1, i0 + 1, . . . , N 0 } where
q(t) = k if link k has captured the channel and started
transmission at time t while q(t) = 0 if the channel is idle
at time t. The denotation “0 ” refers to the states where link
i is in SLEEP mode (e.g., q(t) = k 0 signifies that link k is
transmitting at time t and link i is in SLEEP mode). The
Markov chain q(t) is reported in Fig. 4.

Fig. 4: Markov chain of the simplified scenario
To tackle the problem of finding a closed-form of the total
average age of the network, we first have to find the stationary
distribution of the Markov chain in question. For this purpose,
we provide the following proposition.
Proposition 2. The continuous-time Markov chain is irreducible and admits π of Appendix F-A of the supplementary
material as stationary distribution.
Proof: The proof can be found in Appendix G of the
supplementary material.
With the Markov chain’s stationary distribution being characterized, we proceed to find the total average age of the
network. To that end, we distinguish between two perspectives:
the perspective of link i and the perspective of links j 6= i.
Theorem 5. In the aforementioned system, the average age of
N
N
P
P
link i is ∆i (R, w) = v 00 + v 00 0 +
v k0 +
v k0 0 where v
k=1

k=1
k6=i

is reported in Appendix F-B of the supplementary material.
Proof: The proof can be found in Appendix H of the
supplementary material.
Theorem 6. In the aforementioned system, the average age of
N
N
P
P
link j 6= i is: ∆j (R) = v 00 + v 00 0 +
v k0 +
v k0 0 where
k=1

k=1
k6=i

v is reported in Appendix F-C of the supplementary material.
3 To avoid the cases where the optimal sleeping rate w may tend to +∞,
we upper bound w by a large real value WU B .

Proof: The proof can be found in Appendix I of the
supplementary material.
To evaluate the overall network performance, we note that
N
P
∆j . With the closedthe total average age is ∆ = ∆i +
j=1
j6=i

form being found, we investigate the benefits of the extra
freedom given to link i. For this purpose, we consider a two
links scenario where H1 = 1, RU B = 10, WU B = 100
and we iterate over a range of H2 . Link 2 has the freedom
to go to SLEEP mode. We compare the optimal back-off
time rates (R1∗ , R2∗ ) of the proposed scheme with those of
the optimized CSMA scheme of Section V-B in Fig. 5a and
Fig. 5b. Moreover, the waking-up rate w is plotted along
with the age gain provided by the scheme with respect to the
optimized standard CSMA in Fig. 5c and Fig. 5d respectively.
We summarize our findings in the following:
The first conclusion we can draw from these results is that R1∗ ,
in our proposed scheme, is always smaller or equal to that in
standard CSMA as seen in Fig. 5a. This is a consequence
of the fact that link 2 spends an amount of time in SLEEP
mode and reduces the burden on the channel. Therefore, link
1 does not need to be as aggressive on the channel. On the
counterpart, we can see in Fig. 5b that R2∗ is always higher in
our proposed scheme. This is due to the fact that link 2 needs
to compensate for its time spent in SLEEP mode and therefore
it is more aggressive on the channel when it is awake. The
second conclusion we can draw is that w∗ is always increasing
with H2 as seen in Fig. 5c. The reasoning behind this is that,
as we have shown in previous sections, links with fast service
rates should be given priority to access the channel in CSMA
environments (i.e., being more aggressive on the channel).
Based on this, we can see that as H2 increases, the optimal
sleeping rate grows to make link 2 quickly transition back to
AWAKE mode in order to capture the opportunity presented
by the fast service rate H2 . Bearing in mind the two above
conclusions, we can now understand the trend of the gain in
total average age reported in Fig. 5d. For extremely low H2 ,
link 1 should always get priority on the channel as it is the link
with the faster service rate. Therefore, R1∗ is equal to RU B and
R2 is extremely low in both schemes. Consequently, the age
gain is minor in this regime. As H2 increases, the benefit of
adopting a sleeping mechanism by link 2 to reduce the burden
on the channel starts to show up. This gain reaches around
10% for H2 = 0.5. When H2 increases beyond this point, the
age gain decreases and the performance of the two schemes
coincides. This is due to the fact that w∗ is increasing and
therefore link 2 barely stays in SLEEP mode upon successful
transmission.
The above results provide us with insights that capture the
essence of our proposed scheme and show the benefits of the
extra degree of freedom given to link 2. As one can see in
Fig. 5d, the gain in terms of average age can be as high as
10% and the potentials of this scheme can be witnessed. Since
even higher gains can be achieved when providing the same
freedom to all links instead of just one, we tackle this general
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Fig. 5: Comparison between the standard CSMA and the proposed scheme
case in the next subsection.
By taking these equations into account, and knowing that
j|
2N |I
P
P
π(aj , xi ) = 1, we can deduce the matrix A ∈ RS×S
B. General scenario
j=1 i=1

In this section, we investigate the general case where all
links have the ability to transition to SLEEP mode upon
successful transmission. To that end, in addition to the CSMA
procedures detailed in Section II, we suppose that each link
k sleeps for an amount of time upon successful transmission.
The sleep duration is assumed to be exponentially distributed
with an average of w1k . Consequently, the variables to be
optimized are4 : (R1 , . . . , RN , w1 , . . . , wN ). We proceed with
our SHS analysis and we define the discrete process q(t) as a
2D Markov chain where each state (aj , xi ) is composed of:
j
• a : we refer to it as the configuration state, and it is an
N -tuplet of binary variables ajk that indicates if link k is
awake (binary value 1) or asleep (binary value 0). In fact,
we have 2N possible configuration states for the links.
i
j
i
• x : for each configuration state a , we denote by x
the transmission state, which is an N -tuplet of binary
variables xik that indicates if link k is transmitting or not.
Clearly, xik cannot be equal to 1 unless link k is actually
awake (i.e., ajk = 1). Moreover, due to interference, xi
can only take two values: 1) Null vector 0N 2) xi = ek
where ek represents the canonical vector in RN . The
canonical vector is defined as (ek )l:1≤l≤N = (δkl )1≤l≤N
where δkl is the Kronecker delta function. In this context,
we have that the total number of transmission states xi
N
P
for a fixed configuration state aj is |Ij | = 1 +
ajk .
k=1

It is straightforward to verify that this 2D Markov chain is
ergodic by construction for R > 0, w > 0 and therefore
admits a unique stationary distribution. Consequently, we
define the compact convex set X such that each element
x = [R, w] ∈ X verifies the following conditions: ζ ≤ Rk ≤
RU B ∀k and ζ ≤ wk ≤ WU B ∀k, where ζ > 0 is an arbitrarily
small constant5 .
The next step in our SHS analysis consists of finding the
stationary distribution π of the Markov chain in question.
Therefore, we formulate the general balance equations for
each state (aj , xi ) in Table IV of the supplementary material.
4 For the same reason as the previous section, we upper bound w ∀k by
k
a large real value WU B .
5 Defining the compact convex set X will be vital to the convergence proof
in Proposition 3.

and vector d ∈ RS where S is the number of states of
the Markov chain such that Aπ = d. In this framework,
we have that: π = [π(0N , 0N ), . . . , π(1N , eN )]T and d =
[0, . . . , 0, 1]T . As the uniqueness of π is established due to
ergodicity of the underlying Markov chain, we can assert the
existence of the inverse matrix A−1 such that π = A−1 d.
We continue with the second step of our SHS analysis and we
provide in Table IV of the supplementary material the detailed
applications of eq. (9) from the perspective of a link of interest
m. Based on them, we can find the matrices E m ∈ R2S×2S
and F m ∈ R2S×S such that Em v m = F m π where:
v m = [v m (0N , 0N )0 , v m (0N , 0N )1 , . . . , v m (1N , eN )1 ]T . As
explained in Theorem 1, due to the ergodicity of the Markov
exists and therefore v m =
chain, we have that E −1
m
−1
−1
−1
E m F m π = E m F m A d. As the average age6 of link m
is nothing but the sum of the 0 indices components of v m (we
recall the results of Theorem 1), we extract these components
through multiplication by the row vector c ∈ R2S where the
vector c is composed of binary elements 1 and 0 corresponding
to the 0 and 1 indices of v m respectively. Consequently, our
optimization problem becomes:
minimize ∆(x) =
x∈X

N
X

−1
cE −1
d
m F mA

(34)

m=1

Since finding a closed-form of the objective function in (34)
is rather complicated, we seek to circumvent this difficulty by
employing a sequential convex approximation approach. To
that extent, the proposed SCA approach can be summarized
in the following:
x̂[n] = argmin Υ(x, x[n]) n = 1, 2 . . .

(35)

x∈X

where:
1
||x−x[n]||22
2αn
(36)
The term 2α1n ||x − x[n]||22 is used to regularize the approximation and keep the points close enough so that the model
is accurate. Conditions on αn to ensure the convergence
Υ(x, x[n]) = ∆(x[n])+∇∆(x[n])T (x−x[n])+

6 Our interest lays in the case where the underlying SHS is stable, i.e.,
v m ∀m is non-negative [28].
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conclude that:
N
P
m=1

∂∆(x)
∂xi

∂K −1
∂xi
N
P

−1
= −K −1 ∂K
, we can
∂xi K

= −

m=1

−1 ∂A −1
cE −1
d.
m F mA
∂xi A

−1
∂E m −1
cE −1
d−
m ∂xi E m F m A

Based on the above equation,

the gradient vector ∇∆(x) can be found. We summarize our
approach in Algorithm 1.
Remark 6. It is worth noting that the resulting matrices
E m , F m ∀m and A from equations (90)-(92) are sparse by
nature. Consequently, the same can be said about the matrices
∂E m
∂A
∂xi and ∂xi whose entries have the values 0,1 and −1. This
is very appealing in practice as it allows faster and more
efficient implementations of the required matrix operations
(e.g., multiplication [33], inversion [34]).
Algorithm 1 Proposed SCA approach
1:
2:
3:
4:
5:
6:
7:
8:

Input Stopping criterion  and two feasible points
x[1], x̂[1] ∈ X
Initialize Set n = 1
Iterate
x[n + 1] := x̂[n]
n := n + 1
Solve the convex problem in (35) to find x̂[n]
Until ||Υ(x̂[n], x[n]) − Υ(x̂[n − 1], x[n − 1])|| < 
Output x[n]

In the sequel, we provide a convergence analysis of the
Algorithm presented above. To proceed in that direction, we
first lay out the following definition.
Definition 1 (Stationary points of a function). Let f : D → R
be a function where D ⊆ Rn is a convex set. A point x∗ ∈ D
is a stationary point of f (.) if ∇~d f (x∗ ) ≥ 0 for all ~d ∈ D
such that x∗ + ~d ∈ D.
Armed with that definition, we present the following convergence results.

+∞
Proposition 3. The sequence Υ(x̂[n], x[n]) n=1 is convergent for αn ≥ L2 , n ∈ N where L is the Lipschitz constant
of the function
∇∆(x). Moreover, the limit point of the

+∞
sequence x[n] n=1 generated by the SCA procedure (35)
is a stationary point of the problem in (34).
Proof: The proof can be found in Appendix J of the
supplementary material.
Remark 7. We point out in this remark that our proposed
SCA approach is general and holds for any minimization, on

C. SCA approach implementation
In the following, we investigate the performance advantage
provided by our proposed SCA scheme in comparison to the
optimal standard CSMA. To that extent, we consider a two
links scenario where H1 = 1, RU B = 15, WU B = 100
and ζ = 10−6 . Contrary to the previous section, we provide
both links the freedom to go to SLEEP mode upon successful
transmission. The initial point x[1] is set to be any random
point belonging to X . We plot the optimal performance
parameters (R1∗ , R2∗ , w1∗ , w2∗ ) along with the total gain in total
average age in function of H2 as depicted in the following.
In Fig. 6, one can see that the waking-up rates’ curves
intersect for H2 = H1 = 1. Before this point, link 2 sleeps
more than link 1 while the opposite happens on the other
side of the point. The reason behind this has been extensively
explained in previous sections: faster service rate links provide
an opportunity that needs to be captured. Therefore, links with
slow service rate sleep more in order to reduce the burden
on the channel to allow easier capture of the channel by
faster service rate links. Moreover, we can see that links with
higher service rate always end up being more aggressive on
the channel for the same reason.
15

100
90
Link 1
Link 2

80
70

10

Waking-up rates

m=1

the following identity:

a compact convex set, of the average age of a stable system
modeled through the same SHS tools.

Back-off rates

of the approach will be presented in Proposition 3. As the
problem in (35) is convex, it can be solved using any standard
convex solvers such as CVX [32]. After finding the solution
of (35), at each iteration, we set x[n + 1] = x̂[n]. The
next step consists of finding the expression of the gradient
of the average age. To do so, we observe that ∂∆(x)
=
∂xi
N
−1
P
∂E −1
(x)
∂A
(x)
−1
−1
m
F m A (x)d + cE m (x)F m ∂xi d. Using
c ∂x
i
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Fig. 6: The optimal performance parameters
As for the results in Fig. 7, we can see that the proposed
scheme exhibits a continuous gain with respect to the standard
CSMA. This gain can be as high as 16% in the two links
scenario. This highlights the potentials of our newly proposed
scheme with respect to the optimized standard CSMA.
VII. C ONCLUSION
In this paper, we have investigated the AoI in a CSMA environment where N links contend for the channel. Using SHS
tools, we were able to find a closed-form of the total average
age of the network in two distinct scenarios: 1) links generate
packets at will 2) packets arrive stochastically to each link.
An optimization problem with the aim of minimizing the total
average age was then formulated. By investigating the derived
problem, an equivalent convex formulation was presented that
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Fig. 7: The gain in total average age

makes finding the optimal back-off time of each link a simple
task. Interestingly, it was shown that the minimum average age
is achieved for the same back-off duration in both the sampling
and stochastic arrivals scenarios. Numerical implementations
of our proposed solution in an IEEE 802.11 network were
provided and its performance was highlighted in function of
the nodes’ density. Also, motivated by further improving the
performance, we proposed a new modified CSMA scheme
that outperforms the optimized standard CSMA. Simulations
results were then laid out to highlight its performance in
comparison to that of the optimized standard CSMA.
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Supplementary Material for the paper “On The Age
of Information in a CSMA Environment”
A PPENDIX A
P ROOF OF P ROPOSITION 1
It is sufficient to show that the provided distribution verifies
the detailed balance equations. Consider the two states 0 and
Rk
which is exactly the
k: we have from (13) that ππk0 = H
k
detailed balance equation between states 0 and k. This holds
for any of the states k and therefore the proof is complete.
A PPENDIX B
P ROOF OF T HEOREM 2
The proof is based on solving eqs. (9) and applying Theorem 1, along with taking into account both the transitions of
Table I and the differential equations vector of eqs. (11) and
(12). More specifically, we start by solving eqs. (9) for all
states k 6= 0:
πk
Rk v 00
v k0 =
+
∀k
(37)
Hk
Hk
Rk v 01
v k1 =
∀k 6= i
(38)
Hk
πi
Ri v 01
v i1 =
+
(39)
Hi
Hi
By solving eqs. (9) at state 0, we have that:
v 00 (

N
X

Rk ) = π 0 +

k=1

N
X

Hk v k0 + Hi v i1

(40)

k=1
k6=i

v 01 (

N
X

k=1

Rk ) =

N
X

Hk v k1

(41)

k=1
k6=i

By combing the results of eqs. (38) and (41), we can show
πi
that v 01 = 0 and consequently v k1 = 0 ∀k 6= i and v i1 = H
.
i
An intuitive reason why v 01 = v k1 = 0 ∀k 6= i is the fact that
link i samples its process only when it captures the channel.
In other words, whenever q 6= i, there is no packet in the
system for link i and the age x1 is therefore null7 . By taking
these results into account, and by substituting the results of
eqs. (37) in eq. (40), we get that v 00 = R1i . By replacing v 00
N
P
in (37) and by noting that ∆i (R) = v 00 +
v k0 , we end up
with8 :

k=1
N
P

A PPENDIX C
P ROOF OF T HEOREM 3
Similarly to the proof of Theorem 2, we start by summarizing the transitions between the discrete states and the resets
they induce on the age process x(t) in the following table:
l
1

ql → ql0
0→1
..
.

λ(l)
R1
..
.

xAl
[x0 , x1 ]
..
.

Al
[ 10 01 ]
..
.

v ql Al
[v 00 , v 01 ]
..
.

N
N +1

0→N
1→0
..
.

RN
H1
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10 01 ]
[ 10 01 ]
..
.

[v 00 , v 01 ]
[v 10 , v 11 ]
..
.

N +i

i→0
..
.

Hi
..
.

[x1 , x1 ]
..
.

[ 01 01 ]
..
.

[v i1 , v i1 ]
..
.

2N
2N + 1

N →0
0→0
..
.

HN
λi
..
.

[x0 , x1 ]
[x0 , 0]
..
.

[ 10 01 ]
[ 10 00 ]
..
.

[v N 0 , v N 1 ]
[v 00 , 0]
..
.

3N + 1

N →N

λi

[x0 , 0]

[ 10 00 ]

[v N 0 , 0]

TABLE II: Stochastic arrivals scenario SHS description
The set of transitions spanning from l = 1 till l = 2N
are identical to that of the previous case except for a subtle
difference: In transition l = N + i, the age process at the
monitor of link i resets to the age of the packet that was
delivered x1 . However, as it has been previously explained
in the paper, to avoid tracking the buffer status of link i, we
suppose a “fake” update is generated with the same age of
the previously transmitted packet x1 and therefore x01 = x1 .
The final set of transitions spanning from l = 2N + 1 till
l = 3N + 1 corresponds to a new packet arrival for link i.
This new packet will replace the packet that is already in the
system (either currently being served or waiting to be served).
In other words, the new packet arrival will keep the same age
at the monitor x0 but will reset the age of the system’s packet
at link i to 0.
As for the differential equations governing the evolution of the
age process in each discrete state, we have that in each state
q ∈ Q, both x0 (t) and x1 (t) increase at a unit rate:

Rk

2

C(R) k=1 Hk
∆i (R) =
+
(42)
Ri
C(R)
As these results are general for any link i, we can conclude
the total average age by simply summing over all links.
7 This argument will be used in subsequent proofs throughout the paper for
the sake of space.
8 The non-negativity of v is straightforward and the SHS is therefore stable.

bq = [1 1]

∀q ∈ Q

(43)

It is worth mentioning that the same Markov chain stationary
distribution π of the previous section holds for this case
as well. Therefore, by considering the stationary distribution
reported in Proposition 1 and both the transitions of Table II
and the differential equation vector of (43), we can solve eqs.

2

N
P

Next, we know that9 ∆i (R) = v 00 +

v k0 . By using the N

k=1

equations of (46), we get that

N
P

v k0 =

k=1

N
P
k=1

πk
Hk

+v 00 (C(R)−

1) and the average age of the link of interest i is therefore:
N
P

Rk

2

Hk
C(R)
1
1
∆i (R) =
+
−
+ k=1
Ri
λi
Hi
C(R)

(51)

These results are general and hold for any link i in the network.
Therefore, by summing over all the links i, the total average
age can be concluded.
A PPENDIX D
P ROOF OF T HEOREM 4
Fig. 8: Illustration of the stochastic hybrid systems Markov
chain for the stochastic arrivals scenario
(9) to find the vectors v q = [v q0 , v q1 ] ∀q ∈ Q. By doing so,
we end up with the following set of equations:
v 00 (

N
X

Rk ) = π 0 +

k=1

v 01 (λi +

N
X

L (f , , ν, γ, ρ, µ, η) = N
Hk v k0 + Hi v i1

(44)

Rk ) = π 0 +

N
X

+ ν( − 1) + γ(
1+
(45)

v k0 (Hk ) = π k + Rk v 00

k = 1, . . . , N

(46)

v k1 (λi + Hk ) = π k + Rk v 01

k = 1, . . . , N

(47)

k=1
k6=i

The first step to solve this set of 2N + 2 equations consists of
calculating v 01 . From the N equations presented in (47), we
v 01
k
can conclude that v k1 = λi π+H
+ λRik+H
∀k = 1, . . . , N .
k
k
By replacing these values in (45), we can conclude that:
π0 +

N
P
k=1

v 01 =
λi +

N
P

Rk (1 −

Ri

+
λi +

As the problem was shown to be convex, we formulate the
Karush−Kuhn−Tucker (KKT) conditions which are sufficient
for optimality in our case:
N
1
ρ∗
− ∗2 + µ∗k − ηk∗ +
=0
k = 1, . . . , N
2
Hk
Hk
fk
N
X
ρ∗ + ν ∗ − γ ∗ − RU B
µ∗k = 0

N
P

1+

(48)

N
P
k=1

Rk (1 −

k=1

1
1
1
1
+
( −
)
Ri
C(R) λi
Hi

1
N
P
k=1

k=1
∗

− )=0

ν (∗ − 1) = 0
µ∗k (fk∗

∗

−  RU B ) = 0
ηk∗ fk∗
∗

=0
∗

ν ,γ ≥ 0

Hk π k
λi +Hk )

(49)
Hk
λi +Hk )

(53)
(54)
(55)

RU B
Hk

∗

k = 1, . . . , N

(56)
(57)

k = 1, . . . , N

(58)

µ, η ≥ 0

(59)

0 ≤ fk∗ ≤ ∗ RU B
k = 1, . . . , N
1
≤ ∗ ≤ 1
N
P
RU B
1+
Hk

(60)
(61)

k=1

The next step consists of using the results of (13). By
replacing π k 0 ≤ k ≤ N with their values and manipulating
algebraically, we end up with:
v 00 =

N
X
fk
+  − 1)
+
µk (fk − RU B ) +
ηk (−fk ) + ρ(
Hk
k=1
k=1
k=1
(52)

Hk
λi +Hk )

i
( λiH
+Hi )(π 0 +

− )
RU B
Hk

N
X

γ∗(

v 01
i
Knowing that v i1 = λi π+H
+ λRii+H
, we can therefore proceed
i
i
to compute v 00 using (44):

v 00 =

N
X

Hk π k
λi +Hk

k=1

Hi π i
λi +Hi

k=1

1
N
P
k=1

Hk v k1 + Hi v i1

k=1

N
N
X
X
1
fk
+
2
Hk
fk

k=1

k=1
k6=i

N
X

1 − πi +

First of all, we can see that the formulated problem in (25)
is convex in f = [f1 , . . . , fN ] and  as the objective function
is the sum of convex functions in (f , ) and the constraints
are linear. We therefore formulate the Lagrange function as
follows:

(50)

N
X
fk∗
= 1 − ∗
Hk

(62)

k=1

9 The non-negativity of v can be easily verified by replacing C(R) with
its value from eq. (14). Consequently, the SHS is stable.

3

In the following, we find the optimal solution using the above
sufficient optimality conditions. First we suppose that ν ∗ > 0,
which means that ∗ = 1. Replacing this in eq. (62), and
knowing that fk∗ ≥ 0 ∀k, we get that fk∗ = 0 ∀k and the
objective function tends to +∞ which is surely not optimal.
Therefore, we can conclude that ν ∗ = 0. The same argument
can be used to show that ηk = 0 ∀k. We now suppose that
1
. By replacing this
γ ∗ > 0, which entails that ∗ =
N
P
1+

k=1

RU B
Hk

in eq. (62), and by noting the conditions in eq. (60), we can
conclude that this is only feasible when fk∗ = ∗ RU B ∀k. We
replace fk∗ and ∗ by their values in eq. (53) and we end up
with:

2
N
P
RU B
1+
Hk
∗
N
ρ
k=1
− 2 k = 1, . . . , N (63)
+
µ∗k = −
2
Hk
RU B
Hk
Using the fact that µ∗k ≥ 0, we have the following N
conditions on ρ∗ :

2
N
P
RU B
Hk 1 +
Hk
N
k=1
ρ∗ ≤
−
k = 1, . . . , N
(64)
2
RU B
Hk
Knowing that µk ≥ 0, and by using eq. (54), we can conclude
that ρ∗ ≥ γ ∗ > 0. To proceed with this case, we define x =
N
N
P
P
1
1
. By summing eqs. (53) for all k and
Hk and y =
H2
k=1

k=1

k

using the results of eq. (54), we end up with:

2
N
P
RU B
N 1+
Hk
k=1
+ ρ∗ (1 + xRU B ) (65)
γ ∗ = N yRU B −
RU B
As γ ∗ > 0, the final condition on ρ∗ is therefore:
N (1 + xRU B )
N yRU B
ρ >
−
(66)
RU B
1 + xRU B
If ∃ρ∗ such that the conditions reported in eqs. (64) and (66)
are verified then fk∗ = ∗ RU B ∀k and the original problem’s
optimal point is: Rk = RU B ∀k. We will show that this is
always achieved when Hk = H ∀k in the next Lemma. In
the latter cases where γ ∗ = 0, this entails that there could be
at least one link k such that fk∗ < ∗ RU B . Therefore, in this
scenario, the optimal solution fk∗ ∀k is such that:

∗ RU B
if µ∗k > 0
r
∗
fk =
(67)
Hk
if µ∗k = 0
 N +ρ
∗
∗

Hk

where

µ∗k ,

∗

∗

ρ and  verify:

µ∗k = −

N
1
ρ∗
+
−
2
Hk2
Hk
fk∗
ρ∗ = RU B

N
X

k = 1, . . . , N

(68)

µ∗k

k=1

∗ = 1 −

N
X
fk∗
Hk

k=1

(69)

The optimal solution (f ∗ , ∗ ) of the problem in (25) can
therefore be found. The optimal back-off rate
of each link
f∗
k can then be deduced by noting that Rk∗ = k∗ ∀k.
A PPENDIX E
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To prove this, it is sufficient to show that the conditions on
ρ∗ of eqs. (64) and (66) are always verified for all feasible
(N, H, RU B ). More specifically, we have to show that:

H 1+

N RU B
H
2
RU
B

2

2

−

N RU B
N (1 + N RHU B )
N
H2
>
−
(70)
H
RU B
1 + N RHU B

By taking a common denominator, and knowing that
H, RU B > 0, the positivity of the aforementioned expression is equivalent to that of the following cubic polynomial
f (N, H, RU B ):
2
(H + N RU B )3 − N R(H + N RU B )2 − N HRU
B > 0 (71)

By deriving f (N, H, RU B ) with respect to H, we find that:
∂f (N, H, RU B )
2
2
= 3H 2 + H(4N RU B ) + N 2 RU
B − N RU B
∂H
(72)
UB )
,
we
derive
one
more
time
To study the sign of ∂f (N,H,R
∂H
with respect to H and we can show that:
∂ 2 f (N, H, RU B )
= 6H + 4N RU B > 0
∂H 2
Therefore,
that:
lim

H→0

∂f (N,H,RU B )
∂H

(73)

is always increasing, bearing in mind

∂f (N, H, RU B )
2
2
= N 2 RU
B − N RU B ≥ 0
∂H

(74)

UB )
since N ≥ 1. Hence, we can assert that ∂f (N,H,R
> 0
∂H
and consequently that f (N, H, RU B ) increases with H. By
UB )
following the same approach, we can find that: ∂f (N,H,R
=
∂RU B

∂ 2 f (N,H,RU B )
2
∂RU
B
∂f (N,H,RU B )
limRU B →0
∂RU B

2N H 2 + 2N 2 HRU B − 2N HRU B and

=

=
2N H(N −1) ≥ 0 since N ≥ 1. As
2N H 2 > 0, we can conclude that f (N, H, RU B ) increases
with RU B . We can use the same argument over N by
relaxing its discrete nature to a continuous one n ∈ [1, +∞[
UB )
2
= 2RU B H 2 + 2nRU
and noting that: ∂f (n,H,R
BH −
∂n
2
∂ f (n,H,RU B )
∂f (n,H,RU B )
2
2
RU B H,
= 2RU B H and
=
∂n2
∂n
n=1

2
2RU B H 2 + RU
B H, we can show that f (N, H, RU B ) increases with N . Knowing that f (1, H, RU B ) increases with
(H, RU B ) and that lim(RU B ,H)→(0,0) f (1, H, RU B ) −→ 0,
we can therefore assert that ∀δ1 , δ2 > 0 such that H ≥
δ1 , RU B ≥ δ2 , ∃δ > 0 such that f (N, H, RU B ) ≥ δ with
δ = (δ1 + δ2 )3 − δ2 (δ1 + δ2 )2 − δ22 (δ1 + δ2 ) + δ23 > 0 which
concludes our proof.

4

A PPENDIX F
E QUATIONS OF S ECTION VI

C. Equations of Theorem 6
v 00 :

A. Equations of Proposition 2
N
P

1

π0 =

Ri
N
P

C(R) +

(C(R) −

w+
ak
k=1
k6=i

π 00

Ri π 0
=
N
P
w+
ak

Ri
Hi )

(75)

πk +

k=0
k6=i

N
P
k=1
k6=i

wπ k0
Hk +w

Ri + Rj −

Ri π 0
πi =
Hi

(76)

+

N H π
P
k k0
w(π 00 +π i +
Hk +w )
k=1
k6=i
(1
N
P
(w+Rj +
ak )
k=1
k6=i
k6=j

wRi
(1
N
P
(w+Rj +
ak )
k=1
k6=i
k6=j

π 00 + π i +

Rk Ri π 0

∀k

N
P

(Hk + w)(w +

0

(77)

v 00 0 =

ak )

Rk
+
Hk

N
P

∀k 6= i (78)

)

N
X
Rk
C(R) = 1 +
Hk

ak =

k=1

ak )

v i0 =

wRk
Hk + w

∀k 6= i

N
P
k=1
k6=i

v 00 0 =
w+

N
P

v 00 =

Hk
0
Hk +w π k

ak

(81)

Ri

N

X
w
(v 00 0 +
v k0 0 )
Ri

(82)

k=1
k6=i

πi
Ri v 00
+
Hi
Hi

πk
Rk v 00
wv k0 0
+
+
Hk
Hk
Hk

(83)

∀k 6= i

(87)
(88)

∀k 6= i

(89)

We first start by providing the general balance equations at
Rk π 00
any state k 0 6= 00 , which leads to: π k0 = (H
∀k 0 6= 00 .
k +w)
Next, we formulate the balance equation at state i and we end
up with: π i = RHi πi 0 . Afterward, the same is done at state 00 :
π 00 =

+

πi
Ri v 00
+
Hi
Hi

πk
Rk v 00
wv k0 0
+
+
Hk
Hk
Hk

N
P

πk

v i0 =

v k0 =

∀k 0

∀k 0
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(80)

π k0
Rk v 00 0
+
Hk + w Hk + w

k=1
k6=i

(86)
ak

where π is the stationary distribution of the Markov chain
reported previously (Appendix F-A). It is worth noting that the
non-negativity of v can be easily proven by further simplifying
the expression in the denominator of eq. (85). Accordingly, the
SHS in question is stable.

k=1
k6=i

N
P

v k0 =

(79)

B. Equations of Theorem 5

π 00 + π i +

N
P

+ Ri v 00

π k0
Rk v 00 0
+
Hk + w Hk + w

v k0 0 =

where:

π0 +

Rk
(Hk +w) )

k=1
k6=i
k6=j

k=1
k6=i

v k0 0 =

k=1
k6=i
k6=j

Rk
(Hk +w) )

k=1
k6=i
k6=j

Hk π k 0
Hk +w

w + Rj +

wRk Ri
Hk (Hk + w)(w +

N
P
k=1
k6=i

k=1
k6=i

πk = π0 (

N
P

(85)

k=1
k6=i

π k0 =

N
P

+

+

(84)

where π is the stationary distribution of the Markov chain,
reported in the previous subsection (Appendix F-A). It is
worth noting that the non-negativity of v is straightforward.
Accordingly, we can then assert that the SHS is stable.

k=1
k6=i

Hk π k 0

Hi π i
+
.
N
N
P
P
w+
w+
Rk
Rk
k=1
k=1
k6=i
k6=i

By replacing our first two results

in the above equation, we get eq. (76) and consequently eqs.
(77). In the last step, we formulate the balance equations at
k0
state k 6= i: π k = RHk πk 0 + wπ
Hk ∀k 6= i. Similarly, by combining
these results with those of eqs. (77), P
we end up with eqs. (78).
Lastly, by taking into account that q∈Q π q = 1, π 0 can be
calculated which concludes the proposition.
A PPENDIX H
P ROOF OF T HEOREM 5
To proceed with the proof, we investigate the network from
the perspective of link i. Therefore, the process x(t) is defined
as x(t) = [x0 (t), x1 (t)] where x0 (t) is the age of link i at
the monitor and x1 (t) is the age of the packet in the system

5

of link i. Our goal becomes to solve eqs. (9) to conclude
the vectors v q = [v q0 , v q1 ] ∀q ∈ Q that will allow us to
calculate the average age through Theorem 1. We report, in
Table III, the reset maps that the transitions depicted in the
Markov chain of Fig. 4 induce on the continuous process. The
details are omitted as the logic is similar to that reported in
earlier sections. It is worth noting that the additional transitions
of rate w corresponds to link i switching to AWAKE mode.
l
1

ql → ql0
0→1
..
.

λ(l)
R1
..
.

xAl
[x0 , x1 ]
..
.

Al
[ 10 01 ]
..
.

v ql Al
[v 00 , v 01 ]
..
.

N
N +1

0→N
1→0
..
.

RN
H1
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10 01 ]
[ 10 01 ]
..
.

[v 00 , v 01 ]
[v 10 , v 11 ]
..
.

N +i

0

Hi
..
.

[x1 , 0]
..
.

[ 01 00 ]
..
.

[v i1 , 0]
..
.

i→0
..
.

N →0
0 0 → 10
..
.

HN
R1
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10
[ 10

3N − 1
3N

00 → N 0
10 → 00
..
.

RN
H1
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10 01 ]
[ 10 01 ]
..
.

[v 00 0 , v 00 1 ]
[v 10 0 , v 10 1 ]
..
.

4N − 2
4N − 1

N 0 → 00
00 → 0
..
.

HN
w
..
.

[x0 , x1 ]
[x0 , x1 ]
..
.

[ 10 01 ]
[ 10 01 ]
..
.

[v N 0 0 , v N 0 1 ]
[v 00 0 , v 00 1 ]
..
.

5N − 2

N0 → N

w

[x0 , x1 ]

[ 10 01 ]

[v N 0 0 , v N 0 1 ]

2N
2N + 1

..
.

0]
1
0]
1

[v N 0 , v N 1 ]
[v 00 , v 01 ]
..
.

continuous-time state process as x(t) = [x0 (t), x1 (t)] where
x0 (t) is the age of link j at the monitor at time t and x1 (t) is
the age of the packet in the system of link j at time t. The same
transitions depicted in the Markov chain of Fig. 4 still hold for
the system but what differ are the resets they induce to x(t).
More specifically, the same resets of Table III hold except the
following: 1) the transition of rate Hi does not induce a reset,
i.e., x0 = xAl = x 2) the transitions of rate Hj originating
from state j 0 and j will both reset the age to x0 = [x1 , 0]. In
regards to the differential equations governing the evolution of
the age process in each discrete state, we know that the age
at the monitor increases at a unit rate ∀q ∈ Q. On the other
hand, link j samples the process when it captures the channel
and therefore x1 (t) increases at a unit rate when q(t) = j or
q(t) = j 0 :
bq = [1 0]

∀q 6= j, j 0

(93)

bq = [1 1]

q = j, j 0

(94)

We now proceed to apply Theorem 1 to find a closed-form of
the average age of link j. Similarly to the previous theorem,
and for the same reasons, one can easily verify that v q1 =
0 ∀q 6= j, j 0 . We then solve eqs. (9) at state i and states k 0 ∀k 0
to get the results of eq. (88) and (87). Next, by investigating
the same equations (9) at state 00 , and by using the results of
πj0
eq. (87) and (88) and by noting that v j 0 1 = Hj +w
, the results
of eq. (86) can be found. Eq. (89) can be deduced through
equations (9) in states k 6= i. Lastly, by combining all the
aforementioned results and by solving equations (9) in state
0, v 00 can be calculated which concludes the theorem.

TABLE III: SHS description from the perspective of link i
As for the differential equations governing the evolution of
the age process in each discrete state, we know that the age
at the monitor increases at a unit rate ∀q ∈ Q. On the other
hand, link i samples the process when it captures the channel
and therefore x1 (t) increases at a unit rate when q(t) = i.
Therefore, we have that bq = [1 0] ∀q 6= i and bi = [1 1].
We can now apply Theorem 1 to find the average age of link
i. As a first step, it is easy to verify that v q1 = 0 ∀q 6= i,
as in these states there is no packet in the system for link i.
We then start by solving eqs. (9), more specifically at state k 0
which leads to eq. (81). Similarly, the results of eq. (83) can
be obtained by solving eqs. (9) in state i. By formulating eqs.
(9) in state q = 00 , and by taking into account the results of
πi
eq. (81) and the fact that v i1 = H
, the results of eq. (80) can
i
be deduced. Finally, by combining the results of eqs. (9) at
states 0 and k 6= i, and by taking into account the previous
mentioned results of eqs. (80)-(81), the results of eq. (82) and
(84) can be obtained which concludes our theorem.
A PPENDIX I
P ROOF OF T HEOREM 6
In the sequel, we look at the network from the perspective
of link j 6= i. Similarly to the previous section, we define the

A PPENDIX J
P ROOF OF P ROPOSITION 3
The proof revolves around showcasing different key characteristics of the SCA function Υ(x, y) in (36) and leveraging
them to demonstrate the intended results. The characteristics
are summarized in the following:
•
•
•
•

∆(x) ≤ Υ(x, y) ∀x, y ∈ X
limx→y ∇~d Υ(x, y) = ∇~d ∆(y) ∀~d, y : y, ~d + y ∈ X
Υ(x, y) is continuous ∀(x, y) ∈ X × X
Υ(y, y) = ∆(y) ∀y ∈ X

When the function Υ(x, y) have the above characteristics, and
by taking into account that X is a compact set, we can assert
that the assumptions in [35, Assumption 1] are all met and we
can therefore apply [35, Theorem 1] to prove that every limit
point of the iterates generated by the algorithm in (35) is a
stationary point of the problem in (34).
We start our proof by tackling the first characteristic of the
function Υ(x, y). To do so, we first recall the expression of
the objective function:
∆(x) =

N
X
m=1

−1
cE −1
d
m F mA

(95)

6

π(aj , xi )

N
N
N
N
X
X
X
 X
 j

ajl xil )ajk Rk =
ak (1−xik )π(aj −ek , xi )wk +(1−
ajl xil )(1−ajk )Hk π(aj +ek , xi +ek )
(1−ajk )wk +ajk xik Hk +(1−
k=1

l=1

k=1

l=1

+(

N
X


ajl xil )xjk Rk π(aj , xi − ek )

∀(aj , xi )

(90)

l=1

v m (aj , xi )0

N
N
N
N
X
X
X
X


 j

ajl xil )ajk Rk = π(aj , xi )+
ajl xil )xjk Rk v(aj , xi −ek )0
(1−ajk )wk +ajk xik Hk +(1−
ak (1−xik )wk v(aj −ek , xi )0 +(
k=1

+

l=1

N
X


(1 −

k=1
k6=m

v m (aj , xi )1

N
X

k=1

ajl xil )(1 − ajk )Hk v(aj + ek , xi + ek )0 + (1 −


l=1

N
X

l=1

ajl xil )(1 − ajm )Hm v(aj + ek , xi + ek )1

∀(aj , xi ), ∀m

(91)

l=1

N
N
N
X
X
X


ajl xil )ajk Rk = ajm xm π(aj , xi ) + ajm xm
ajk (1 − xik )wk v(aj − ek , xi )1
(1 − ajk )wk + ajk xik Hk + (1 −
k=1

l=1

∀(aj , xi ), ∀m

k=1

(92)

TABLE IV: The general balance equations and the detailed applications of eq. (9) of Section VI-B.
The ergodicity of the Markov chain was previously established
for any x ∈ X , which leads to the existence of A−1 (i.e.,
det(A) 6= 0). Therefore, we have that:
A


−1
ij

(−1)i+j Mji
=
det(A)

∀x, y ∈ X

(96)

(97)

Using the results of eq. (97), we can apply the descent Lemma
[36, Proposition A.24] to show that ∆(x) ≤ Υ(x, y) ∀x, y ∈
X if αn ≥ L2 .
The second characteristic we tackle revolves around the di-
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Υ(x + λ~d, y) − Υ(x, y)
λ→0
λ

∇~d Υ(x, y) = lim

where Mji is the (j, i) minor of A. By investigating the
equations
reported in (90), we can conclude that the entries

A ij are simply linear functions of the components of x.

Consequently, the entries A−1 ij are all rational functions
of x with the denominatorbeing det(A). Similarly, one can
show that the entries E −1
m ij ∀m are all rational functions of
x with the denominator being det(E m ). As it was previously
mentioned, we have that det(E m ) 6= 0 for any x ∈ X .
Moreover, as the matrices F m ∀m and vectors c,d are constant
with entries’ values equal to 0 and 1, one can deduce that
the overall age function ∆(x) can be written as a rational
function of x with non-zero denominator for any x ∈ X .
Consequently, we can assert that ∆(x) is a continuous and
differentiable function on the set X . The same argument can
be made for the gradient function ∇∆(x) and, accordingly, the
entries of the Hessian matrix ∇2 ∆(x). Due to the continuity
of the Hessian matrix, and as the set X is compact, we know
that there exist a constant L > 0 such that ||∇2 ∆(x)|| ≤ L.
By using the mean value theorem on the function ∇∆(x),
and by noting the bound on ||∇2 ∆(x)||, we can show that
∇∆(x) is a Lipschitz function. More specifically, there exist
a constant L > 0 such that:
||∇∆(x) − ∇∆(y)|| ≤ L||x − y||

rectional derivative of the function Υ(x, y) with respect to x.
More specifically:
(98)

By replacing Υ(x, y) with its value from eq. (36), we can
show that limx→y ∇~d Υ(x, y) = h∇∆(y)T , ~di = ∇~d ∆(y)
where h·, ·i denotes the dot product.
As for the third characteristic, one can verify that it holds by
noting the expression of Υ(x, y) in (36) and by taking into
account that ∆(x) and ∇∆(x) were shown to be continuous
∀x ∈ X . Lastly, by simple substitution, we can confirm that
Υ(y, y) = ∆(y) ∀y ∈ X . As all the required assumptions
hold,
we can assert that the limit point of the sequence

+∞
x[n] n=1 is a stationary point of the problem in (34) if
αn ≥ L2 , n ∈ N.

